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Abstract

Case-based reasoning is a central theme of A1 and law research, pro-
viding formal models to assess case-base consistency. We present
four theorems describing how statistical modeling techniques, fea-
ture modifications, and data binning affect case-base consistency.
Primarily, our findings demonstrate that generalized linear models
necessarily yield consistent decisions. We further show that adding
input features increases consistency, while removing features de-
creases it; similarly, output binning increases consistency, whereas
input binning decreases it. Each of these theorems is showcased
through a consistency analysis of the compAs program—a widely
used recidivism prediction tool which has been at the center of
debates on fairness and interpretability.
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1 Introduction

An important aspect of the literature on A1 & law has been the
development and study of formal models of case-based reason-
ing [1, 15, 16, 28]. In recent years, these models have increasingly
seen applications to the development of interpretable A1 [23, 24],
post-hoc explanation of Ar decisions [26, 27, 33], and normative
computational reasoning [6, 7]. In the present work, we contribute
to the study of the model of case-based reasoning presented by van
Woerkom et al. [32], which is an expanded version of the result
model of precedential constraint developed by Horty [16].

A key concept in these models is that of case-base consistency.
Recently, van Woerkom et al. [34] used the model of [32] to analyze
the consistency of the compas risk score dataset. The compas pro-
gram (Correctional Offender Management Profiling for Alternative

This work is licensed under a Creative Commons Attribution 4.0 International License.
ICAIL 2025, Chicago, IL, USA

© 2025 Copyright held by the owner/author(s).

ACM ISBN 979-8-4007-1939-4/25/06

https://doi.org/10.1145/3769126.3769190

298

Sanctions) is a risk and need assessment tool, first developed in 1998
by Equivant (then Northepointe), which is widely used by criminal
justice agencies in the United States [11, 30]. Over the years it has
become the subject of intense debate in the literature on respon-
sible A1, particularly regarding the use of black box A1 models for
high stake decisions [29]. In this context, a black box A1 model is a
system of which it is not clear how it functions internally. This can
either be because the inner workings of the model are unintelligible,
or because the model is proprietary. One of the early initiators of
the debate surrounding compas was a publication by Angwin et al.
[2], writing for the ProPublica news outlet, in which it was alleged
that compas is racially biased in its decision-making, based on an
analysis of a dataset composed of compas risk score assessments.
Errors in the analysis by [2] have since been identified [8, 13, 30],
but the dataset used in [2] has remained highly relevant to this day.

The main contributions of this work are to prove four theo-
rems about case-base consistency, in the sense defined by [32]. We
demonstrate each of these theorems through applications to the
compas dataset. Our results can be summarized as follows. Firstly,
we prove that a large class of popular statistical modeling tech-
niques, called generalized linear models [20], produce decisions
that are necessarily consistent (Theorem 4.6). Secondly, we relate
the influence of the removal and addition of features to a dataset to
changes in case-base consistency (Theorem 5.6). Lastly, we prove
two theorems about the effects on consistency of data binning—an
important technique in data science. In particular, we show that
binning model outputs increases consistency (Theorem 6.7), and
that binning model inputs decreases consistency (Theorem 6.9). We
relate each of these formal results to aspects of the consistency
of the compas risk score assignments. In this regard, our work
is closely related to the work of van Woerkom et al. [34]. An im-
portant difference to note is that we will use a different version
of the compas dataset. One of the problems of the compas data
published by ProPublica in [2] is that it is missing input features
of the compas program. In attempt to rectify this, Rudin et al. [30]
supplemented ProPublica’s dataset with probation data purchased
from the Broward Clerk’s office. We will use this expanded version
of the compas data, whereas [34] used ProPublica’s version.

The remainder of this paper is structured as follows. Section 2
provides an overview of the compas risk assessment dataset, includ-
ing its structure and the features it contains. Section 3 recalls the
formal model of a fortiori case-based reasoning and its associated
notion of consistency. We then turn to our first main result, regard-
ing the consistency of linear models, in Section 4, and analyze the
consistency of the compas risk scores in light of this result. Section 5
considers the effects on consistency of the addition and removal
of data features, and Section 6 examines the impact of dimension
binning. Finally, Section 7 concludes the paper and outlines some
directions for future research. Lastly, we note that due to space
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constraints, we will only provide a proof of Theorem 4.6 regarding
consistency of the decisions of generalized linear models. The rest
of the proofs can be found in an online appendix, together with all
the source code that can be used to reproduce our results.!

2 The COMPAS Risk Assessment Dataset

The primary outputs of the compas program are its need and risk
scale assessments, computed based on answers to questionnaires;
see [3] for examples. The compAs need scales measure constructs
like financial problems, substance abuse, and depression, while the
risk scales predict factors like recidivism, violence, and failure to
appear [11]. Additionally, compas provides a “level of supervision”
recommendation, ranging from 1 (minimum) to 4 (high).

The inputs to these scales are answers to questionnaires about
prior offenses, education, work experience, et cetera. Some data
are self-reported. These answers inform the need scales, which in
turn inform the risk scales. The compas risk scales, particularly
the “General Recidivism Risk Score” (GRrs) and the “Violent Recidi-
vism Risk Score” (VRRs), have received extensive attention in the
literature on responsible A1. ProPublica published a dataset in [2]
containing compas risk scores assigned between 2013 and 2014 in
Broward County, Florida. This dataset includes scores, information
on which these scores were presumably computed, and information
about whether a person recidivated or committed a violent act after
being scored [18].

The dataset has been criticized for missing features needed to
compute the compas risk scores [19]. Rudin et al. [30] supplemented
ProPublica’s dataset with probation data from the Broward Clerk’s
office to fill in some missing features. However, some information
is still missing [30, Table 1]. The dataset published in [30] contains
data on 9 features used to compute the GRrs and 13 for the VrRs;
see [30, Table 1 & Tables A4-A8] and [10, Tables 1-5].

The inputs to the compas failure to appear risk score are less clear.
This score has received less attention in the literature, presumably
because the datasets do not contain “true label” information on this
scale. The compas Practitioner’s Guide [11, Section 4.1] mentions
risk scales for general recidivism, violent recidivism, and pretrial
misconduct, referring to the GRRs, VRRs, and the “Pretrial Release
Risk Scale” (prrs) respectively. Although it is natural to assume that
the failure to appear risk scores in the Broward County compas data
correspond to the PrRs, Equivant has clarified that they do not [12].
For this work, we assume that the failure to appear risk scores
have similar inputs to the Prrs, specifically the history of criminal
involvement subscale and marital status information, totaling 8
features.

Lastly, the compas risk scores can be presented in various ways.
Initially, compAs produces raw scores, which can take any value; for
example, such a score could be —1.54. For interpretability, these raw
scores are converted to decile scores by comparing them to those of
a norm group—a representative sample of the target population of
the agency using compas. For instance, a raw score of —1.54 might
be converted to a decile score of 6, indicating it is higher than the
lowest 50% but lower than the highest 40% of scores in the norm

Thttps://github.com/wijnandmpi/compascbr.
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group.? These decile scores may then be further represented as
“Low” (scores 1-4), “Medium” (5-7), and “High” (8-10). According
to [4], "a surprising number of agencies prefer the traditional labels
of low, medium, and high risk"

We will use the extended dataset published by Rudin et al. [30]
to relate formal results about case-based reasoning consistency, to
analysis of the compas risk scores. Before turning to these results,
we first recall the model of case-based reasoning and its associated
notion of consistency.

3 A Model of a Fortiori Constraint

For the sake of a self-contained presentation we now recall the
relevant formal definitions of the model of case-based reasoning
that we use, which stem from [16, 32, 34]; the reader is referred
there for additional details. We illustrate these definitions through
examples pertaining to comPAs, in order to build intuition for our
proofs and data analyses in the following sections.

Definition 3.1. A linear order on a set d is a relation < which is:
e Reflexive: v < v foro € d.
e Transitive: v < w and w < x imply v < x for o, w,x € d.
e Antisymmetric: v < w and w < v imply v = w foro, w € d.
e Total: v S worw Joforo,wed.

As usual, we write v <w wheno < wand v # w.
Definition 3.2. A dimension is a set d with a linear order < on d.

We may refer to just the set d as the dimension, leaving the
reference to its linear order implicit. Furthermore, in the context
of a set of dimensions D, we will, for the sake of brevity, refer to
all the orders of the dimensions by just <, because confusion as
to which dimension order is being referred to is unlikely to arise.
For example, given two dimensions d and e, we will refer to both
of the dimensions orders of d and e by <, rather than introducing
separate notations such as <; and <.

Definition 3.3. A dimension hierarchy (D, H) is a finite set of
dimensions D with a relation H on D such that the transitive closure
of H is irreflexive. A dimension is base-level if it is H-minimal, and
abstract otherwise. We denote the pre-image of a dimension d under
a hierarchical structure H by H(d) = {e € D | H(e,d)}.

Alink H(d, e) between dimensions d, e in a dimension hierarchy
(D, H) indicates that there is a positive correlation between the
values of d and e, relative to their orders.

Example 3.4. Below is an example of a dimension hierarchy in
the context of the compas risk scores:

SLevel
GRecid VRecid Fra ()
MS A/ge Priors Male Educ

The hierarchical structure H is indicated by the lines, where the
higher dimensions indicate an increasing level of abstraction. The

%It may seem strange that a negative raw score would correspond to a relatively high
recidivism risk, but this is a representative example; see for instance [11, Table 2.3].
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associated sets, orders, and meanings of the base-level dimensions,
displayed in the bottom row of (1), are as follows:

MS = ({0, 1}, =), is married or not,
Age = ({18,19,20,...},>), the age of the defendant,
Priors = ({0,1,2,...}, <), the number of prior offenses,
Male = ({0, 1}, <), is male or not,

Educ = ({0, 1}, >), completed high school or not.

The order > of the MS, Age, and Educ dimensions indicates that
higher values for these dimensions should generally lead to lower
values for the overlying GRecid dimension. Conversely, the < order
of the other dimensions, such as e.g. Priors, indicates that higher
values generally lead to higher values for the GRecid dimension.

Above the base-level dimensions is a row of more abstract di-
mensions. Note that VRecid and FTA are technically base-level
dimensions in this example—in a more realistic version of this hier-
archy these would also be dependent on less abstract dimensions.
We use the decile scores, ranging from 1 to 10, for this example:

GRecid = ({1,2,...,10}, <), the general recidivism risk score,
VRecid = ({1,2,...,10}, <), the violent recidivism risk score,

FTA = ({1,2,...,10}, <), the failure to appear risk score.
At the top of the hierarchy is the SLevel dimension:
SLevel = ({1, 2,3,4}, <), the recommended supervision level.

Remark 3.5. It is somewhat uncommon to assume that the di-
mension orders satisfy the totality property of Definition 3.1. For
example, the related works [16, 24, 27] do not make this assumption.
At present, we opt to assume totality because dimension orders that
do not satisfy it are rare—especially in the context of A1 For exam-
ple, the statistical methods used by [27, 33] to determine dimension
orders can only produce orders satisfying totality. Furthermore,
some of the results we will state and prove depend on the totality
property. We do believe that with appropriate modifications our re-
sults can be rephrased to apply to dimensions that do not make the
totality assumption, but this would be the topic of future research.

Definition 3.6. A fact situation X for a set of dimensions D is
a partial choice function on D. We denote the domain of a fact
situation X by dom(X). The set of all fact situations for D is denoted
by X (D), and a case base is a finite subset C C X (D).

Definition 3.7. Given a case base C and a value v € d, a fact
situation X is lower bounded in d by C to v, denoted by C £ v < X(d),
if and only if either

(1) v is the least element of d, or

(2) v 2 X(d), or

(3) d is abstract, and there is Y € C satisfying v < Y(d) such
that C £ Y(e) < X(e) holds for all e € H(d) N dom(Y).

The upper bound C £ X(d) < v is defined similarly.

Example 3.8. An example case base for the dimension hierarchy
of Example 3.4 is listed in Table 1. We compute a lower-bound
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Table 1: Three fact situations X, Y, Z for the example dimen-
sion hierarchy for the recidivism risk domain depicted in (1).
A dash indicates that the fact situation is undefined on that
particular dimension.

MS Age Priors Male Educ GRecid VRecid FTA SLevel

X 1 25 3 0 1 7 4 7 2
Y 0 30 2 0 0 5 8 - 3
Z 1 20 3 1 — - 9 5 -

constraint of the case base {X, Y} for Z on the GRecid dimension:

{X,Y} E5 < Z(GRecid) (2)
if {X,Y} E X(e) 9 Z(e) for all e € H(GRecid) N dom(X) (3)
if 25 9 Z(Age) and 3 < Z(Priors) (4)
if25>20and3 <3 ®)

Step (3) corresponds to disjunct (3) of Definition 3.7, and may be
applied because GRecid is abstract and 5 < X (GRecid) = 7. Step (4)
follows from disjuncts (3) and (4), as X selects the least elements of
MS, Male, and Educ. Step (5) simply fills in the definition of Z, and
is a true statement, so that we indeed have a lower-bound constraint
{X,Y} £ 5 < Z(GRecid). Using this, we can in turn derive:

{X,Y} E3 < Z(SLevel)
if {X,Y} EY(e) < Z(e) for all e € H(SLevel) N dom(Y)
if {X,Y} E5 < Z(GRecid) and {X, Y} £ 8 9 Z(VRecid)

We have already verified that {X, Y} £ 5 < Z(GRecid) holds, and
{X,Y} E 8 < Z(VRecid) holds because 8 < Z(VRecid) = 9, and so
we indeed have a lower-bound constraint {X, Y} £ 3 < Z(SLevel).

Definition 3.9. Given a dimension d, a fact situation X, and a
case base C, we say X is d-inconsistent with respect to C if there
are values v,w € d with v < w, such that both C ¥ X(d) < v
and C k w 9 X(d); otherwise X is d-consistent. The d-consistency
percentage of C, denoted Consy(C), is the relative frequency of
d-consistent cases in C:

{X € C | X is d-consistent}|
ICI

Remark 3.10. Note that the usage of sets in this model is some-
what informal. For instance, in Example 3.4 we treat GRecid and
VRecid as different dimensions, even though they should strictly
speaking be considered identical as sets. We follow the tradition
in the literature and refer to dimensions as sets in spite of these
concerns (as e.g. Horty did in [16]), but in a strict sense it may be
more accurate to speak of multisets, which are sets that can can
contain multiple copies of an element. This will be particularly
relevant for case bases, as the cardinality of a case base appears in
the denominator of (6) in Definition 3.9, so we reiterate that case
bases can contain multiple instances of the same case.

Consy(C) = (6)

Example 3.11. Reconsidering Table 1, it can be checked that X
and Y are GRecid- and SLevel-consistent with respect to {X, Y}, so

Consgrecid ({X; Y}) = Consspevel ({X, Y}) =1
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Now, suppose we assigned a GRecid score of 3 to the fact situation
Z, so Z(GRecid) = 3. We saw in Example 3.8 that {X,Y} £ 5 <
Z(GRecid), but now we also have {X,Y} £ Z(GRecid) < 3 by
Definition 3.7 as Z(GRecid) = 3. Therefore, since 3 < 5 € GRecid,
we see that Z would become GRecid-inconsistent with respect to
the case base {X, Y} as a result of the assignment Z(GRecid) = 3.

The rest of this work revolves around Definition 3.9 of case-base
consistency. To start, we derive a formal result about what can be
expected of the consistency of decisions made by a program such
as compAs, and then compare it to its actual consistency in the
data that is available. This analysis will be similar to that of [34],
though in the present work we will use the expanded version of the
compAs dataset published by [30], rather than the original version
published by [2], which has less of the input features that compas
uses to compute its scores. We use the implementation published
by [34] for computing these consistency scores.

4 Consistency of Generalized Linear Models

It is unknown exactly how the compas program works due to its
proprietary nature, but its developers have previously indicated
that the scores it produces are (at least partially) based on regression
models [4, 5, 11, 17]. For example, [5] states that the “Recidivism
Risk Scale is a regression model that has been used in compas
since 2000,” and that “the compas risk and classification models use
logistic regression [...] in [...] prediction and classification proce-
dures.” Furthermore, the compas Practitioner’s Guide [11] states
that “linear equations are used to calculate the [general recidivism
and violent recidivism] risk scales,” and that the violent recidivism
risk score, the VRRs, is computed as the following weighted sum:?

VRRS = (—wj - age) + (—wy - age at first arrest)
+ (w3 - history of violence) + (w4 - vocation education)
+ (ws - history of noncompliance)

Despite these claims by the developers of compas it is argued
in [30], on the basis of a data analysis of the compas dataset, that
the scores assigned by compas depend nonlinearly on age. Equiv-
ant disputed these claims in [17], and reiterated that the compas
risk scales make use of logistic regression. Rudin et al. responded
in [31] that if compas does operate on the basis of a logistic re-
gression model, the age variable might first undergo a nonlinear
transformation before being fed as input to the model.

As we can see, the question of whether the risk scores produced
by compas are the output of a relatively simple linear model has
been the topic of debate. Indeed, Rudin [29] has argued that it is
always better to use interpretable models, such as linear regres-
sion or logistic regression, for high stakes decision-making, rather
than complex black-box machine learning algorithms. In the case
of compas, it might be that it is only a black box because of its
proprietary nature, and not because it makes use of uninterpretable
machine learning algorithms such as neural networks. Ideally, we
would be able to verify whether compas is a linear model, without
compromising Equivant’s intellectual property protections.

In this section we will show that the model of a fortiori case-
based reasoning which we reviewed in Section 3 can be used to

3 Although, Equivant has later stated in [17] that this formula should not be taken as a
complete technical description of the violent recidivism risk scale.
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falsify the claim that a given set of outputs were produced by a
linear model. More specifically, we show that for a large class of
linear models, called generalized linear models (GLMs) [20], a case
base of model decisions is necessarily consistent in the sense of
Definition 3.9.

We start by recalling the basic definition of a GLM, and give a
concrete example in the form of a logistic regression model trained
on the compas dataset. This is a representative example, since it
has been claimed that compas is itself a form of logistic regression.
We then prove a theorem stating that a case base of GLm decisions
is necessarily fully consistent. Given this result, we would expect
that the consistency of the compas risk score assignments in the
dataset made available by [2, 30] is high. We will show that quite
the opposite is the case, and we discuss some possible causes of
these low consistency percentages.

4.1 Regression Analysis

Regression analysis is a statistical modeling technique used to pre-
dict the expected value of a random variable y as a function of a set
of observed values x = (x1, ..., xp). The simplest form of regres-
sion is linear regression, in which the expected value E(y | x) of y
given x corresponds to the linear combination of x with a vector of
coefficients fo, B1, . . ., Bn, s0 E(y | x) = fo + XI-, Bix;. This linear
combination of the f; and x; is called the linear predictor. There are
many variations on this idea, such as logistic regression, Poisson
regression, gamma regression, and so forth.

Nelder and Wedderburn [20] showed that many forms of regres-
sion fit in a common class which they called generalized linear mod-
els (GLMs). A GLM assumes that the random variable y is distributed
according to a member of the exponential family of probability
distributions, and that the expected value of y, conditioned on an
observed set of values x, is related to the linear predictor by a mono-
tone link function g, i.e. that g(E(y | x)) = fo + X1, fix; [9]. Note
that linear regression is obtained as a GLM by using an identity link
function g(x) = x. The inverse of the link function is often assumed
to exist and is called the mean function, denoted by m, as it maps
the linear predictor to the mean of the random variable.

The B coefficients of the GLM are often estimated from data using
techniques such as maximum likelihood estimation [9, Chapter 4].
Once this is done, the GLM can be used for prediction. More specifi-
cally, given a new observation (x, ..., x,), the GLM can estimate
a value g of the target random variable y by simply applying the
mean function to the linear predictor: § = m(fo + X fixi). The
definition of § shows that for the purpose of prediction the choice
of distribution for y is no longer relevant. Since we are primarily
interested in the application of GLMs to predictive modeling, we
will not further consider the choice of distribution in this work, and
instead consider an n-ary GLM (m, ) to be parameterized by two
components: a vector of n + 1 real coefficients § = (S, f1, .- -, Bn),
and an n-ary monotone mean function m.

Example 4.1. Logistic regression is obtained as a GLM by choosing
the sigmoid o as the mean function:

)

We will now demonstrate how logistic regression can be used to
produce arisk score such as the compas general recidivism risk scale.

m(x) = o(x) = (1+exp(-x)) !
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Table 2: Example general recidivism risk assessments, ac-
cording to the L™ (0, —0.04,-0.2,-0.03,0.11, 0.55), where o is
defined in Eq. (7), and the parameters are estimated based
on the data published by [30]. The example recidivism risk
scores, i.e. the values of GRecid,s, are computed as in Eq. (8).

MS Age Priors Male GRecid,g

1 25 1 0.41
0 21 1 0.54
1 67 1 0 0.10
0 18 10 1 0.73
0 46 1 1 0.30

We do so by fitting f coefficients to a selection of variables from
the compas dataset published by [30], where the target variable is a
binary indicator whether the person in question recidivated or not
(see Section 2 and [30] for a more detailed description of the data).
This is, presumably, representative of how the actual compas risk
scales were developed. For example, [5] states that “[the] Recidivism
Risk Scale is a regression model [...] that was trained to predict new
offenses in a probation sample” This is very similar to the data
contained in the compAs dataset published by [30], as it does not
only contain cOMPAs risk scores, but also contains labels stating
whether the person in question recidivated or not.

We select five features from the dataset, corresponding to some
of the dimensions in the hierarchy we discussed in Example 3.4:
MS, Age, Priors, and Male. Here, the number of priors is given in
the data as the number of offenses committed in the 30 days leading
up to the compas assessment. The target variable y is the binary
label indicating whether the person committed a new crime within
two years after the assessment. We used the default Python Sci-kit
learn implementation to estimate the f§ coefficients [25].

The resulting logistic regression model can be specified as the
GLM (0, —0.04,-0.2,—0.03,0.11, 0.55), which means that its predic-
tion for values of the features MS, Age, Priors, Male is given by

(1+exp(0.04 +0.2MS + 0.03Age — 0.11Priors — 0.55Male)) ™! (8)

Some example rows of the compas dataset, together with their
predicted (raw) general recidivism risk score (according to our
example GLM), are displayed in Table 2. The GRecid,s values are
calculated according to Eq. (8).

4.2 The Consistency of GLM Decisions

In this section we will prove our first main result regarding case-
base consistency, which states that the predictions made by a cLm
are always fully consistent in the sense of Definition 3.9. To do
this, we first show that any GLM can naturally be associated with
a dimension hierarchy. Using this associated hierarchy, a dataset
of GLM outputs can be translated to a case base C of which the
consistency can be calculated with respect to its target variable.
Theorem 4.6 below states that the consistency of such a dataset is
necessarily equal to 1.

Consider an n-ary GLM (m, §). We may, without loss of generality,
assume that the coefficients f; are all nonzero. This is because if
any coeflicient f; were zero, the corresponding term f;x; would
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not contribute to the linear predictor, and so the model’s behavior
would be the same as if that term were omitted. We define a set
of dimensions D = {dy; | 1 < i < n} U {dy}. Each dy;, is the set
of real numbers R, and is ordered by < if sign(f;) = 1, and by >
if sign(f;) = —1. Similarly, dy, is the set of real numbers R, and
is ordered by < if m is order-preserving, and by > if m is order-
reversing. We order D by the structure H = {(dx;,dy) | 1 < i < n}:

dy
N
dy, d,

Definition 4.2. Let (m, ) be an n-ary GLm, and (D, H) its asso-
ciated dimension hierarchy. An (m, f)-decision is a fact situation
X € X(D) with dom(X) = D, and X (dy) = m(fo+ X7, BiX(dx,)).
An (m, B)-case base is a case base C C X (D) of (m, §)-decisions.

Example 4.3. Consider the cm (o, —0.04, —0.2, —0.03,0.11, 0.55)
of Example 4.1, and note that its associated hierarchy is given by:

GRecid;g

MS/Age/ N>~

Priors
The dimension orders are > for MS and Age, because their coeffi-
cients in the GLM are negative, and < for Priors and Male, because
their coefficients are positive. The order for GRecid,s is < because
o is (strictly) order-preserving. Relative to this hierarchy, the rows
of Table 2 constitute a (o, —0.04, —0.2, —0.03, 0.11, 0.55)-case base.

)
Male

To prove our theorem we will need two lemmas, the first of which
states that GLm decisions naturally satisfy the a fortiori principle
underlying the model of case-based reasoning proposed by [32].

LEMMA 4.4. Forann-ary cLm (m, B) and (m, B)-decisions X and Y :
IfY(dy;) < X(dx;) forall1 < i < n, thenY(dy) S X(dy). Similarly,
ifX(dx;) 2 Y(dy;) forall1 < i < n, then X(dy) 2 Y(dy).

Proor. The first implication can be derived as follows:

Y(dy,) 9 X(dy,)for1<i<n  (10)

implies BiY(dy;) < piX(dy;) for1 <i<n (11)
implies Po + Z?:l ﬁiY(dxi) < fo+ Z?:l ﬁiX(dxi) (12)
(13)

implies Y(dy) 2 X(dy) (14)
Step (11) follows by definition of the dimension order of dy,: If f; >
0 then 9 = < s0 Y(dy;) < X(dy;) and f;Y (dyx,) < fiX(dx,); while
if fi < 0then 9 = >,50 Y(dy;) > X(dy;) and B;Y(dy;) < BiX(dx;).
Step (13) follows by monotonicity of m and the definition of the
dimension order of dy, and step (14) follows by Definition 4.2. The
proof of the second implication is analogous so we omit it. O

The second lemma uses the first to show that when a GLM case
base induces constraint on one of its decisions, then this is neces-
sarily the results of disjunct (2) of Definition 3.7.

LEMMA 4.5. For ann-ary 6Lm (m, B), an (m, B)-case base C, some
fact situation X € C, and a valuev € dy: IfC ¥ v < X(dy) then
v 9 X(dy). Similarly, ifC £ X(dy) < o then X(dy) < v.
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ProoF. Assume C kv < X(dy), we proceed by a case distinction
on the disjuncts (1)—-(3) in Definition 3.7. We can rule out condi-
tion (1) because dy, does not have a minimal element. If condition (2)
holds we are done immediately. Lastly, if condition (3) holds, then
for some Y € C with v < Y(dy) we have that Y(dy,) < X(dy,;)
forall 1 < i < n. Hence, we get Y(dy) < X(dy) from Lemma 4.4,
and so v < X(dy) by transitivity of <. The proof of the second
implication follows the same pattern, so we omit it. O

It is now straightforward to derive our first main result: A case
base of GLM decisions is always fully consistent.

THEOREM 4.6. If (m, B) is a Gim, (D, H) its associated hierarchy,
and C C X (D) an (m, f8)-case base, then Consg, (C)=1.

Proor. Assume, for sake of contradiction, that Consdq ) <1
then there is a case X € C which is dy-inconsistent. This means
that both C ¢ X(dy) < vand C £ w 2 X(dy) for some values
o,w € dy with v < w. By Lemma 4.5 this implies X(d,) < v and
w 9 X(dy),s0 X(dy) < X(dy) and in particular X (dy) # X (dy)—a
contradiction. |

It is important to note that Theorem 4.6 relies on an accurate
construction of the dimension hierarchy associated with the cLm. In
practice, when the GLM is a black box, we cannot inspect the signs
of its coefficients, or whether its mean function is order-preserving
or -reversing. However, estimating the signs of the coefficients
is a much easier task than estimating the precise values of the
coefficients. Likewise, it is easier to determine whether the function
connecting the linear predictor to the output is order-preserving or
-reversing, than it is to precisely estimate the function itself.

4.3 The Consistency of the COMPAS Risk Scores

The consistency of the compas risk scores was analyzed by van
Woerkom et al. [34, Table 3] using the dataset published by Angwin
et al. [2], and they found very low percentages. This is surprising,
especially considering Theorem 4.6 and the claims that compas uses
linear models. Van Woerkom et al. suggested that the low scores are
due to missing inputs in the dataset. This issue is well-known and
is one of the main reasons Rudin et al. [30] created and published
an extended version of the dataset. Therefore, it is logical to repeat
the consistency analysis using this extended dataset.

We have used the implementation by [34] to compute the consis-
tency scores, using the scale inputs as described in Section 2. The
dimension orders we used are in agreement with the ones listed
in [34, Table 2]; a complete overview can be found in our source
code. The results of our analysis are, somewhat surprisingly, the
same as those of [34]: The consistency of the raw GRecid, VRecid,
and FTA risk scores are all 0%—the opposite of what one would
expect based on Theorem 4.6.

There are multiple possible explanations for this. One possibil-
ity is that our estimations of the dimension orders are incorrect.
However, we consider this unlikely, as the effects of the features
involved are quite self-evident. For example, the majority of the
features in the dataset correspond to criminal history, and it is clear
that higher values of these features should generally lead to higher
risk scores. Another possibility is that compas depends on the fea-
tures in a nonlinear manner, as hypothesized in [30]. We follow
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the assessment in [34] that the most likely cause is the absence of
certain dimensions from the dataset, although it remains somewhat
surprising that the addition of some of these missing data by [30]
did not improve the consistency scores whatsoever.

The results of this consistency analysis, and that of [34], thus
suggest that the low consistency percentages of the compas risk
scores may be due to missing dimensions in the dataset. This raises
a general question: What is the effect of adding or removing di-
mensions on the consistency of a case base? In the next section,
we formally analyze the impact of modifications to a dimension
hierarchy on case-base consistency.

5 Consistency with Respect to Subhierarchies

Our definition of consistency operates on the basis of a set D of
dimensions, which are assumed to exist and sufficiently describe
the domain under consideration. Generally, this set is assumed to
be static. This is an idealized assumption which does not always
apply in practice. Of course, it is well known that in the domain
of law, new cases can bring to light new factors or dimensions,
thus expanding the set D. Likewise, we have seen in the case of
compas that some of the relevant dimensions may be unknown,
and thus omitted from the set. Conversely, it may happen that
the set D erroneously contains dimensions which are in fact not
relevant to the domain. For example, it might be the case that there
is information in the compas risk score dataset which was not used
by compas to compute the scores, because this information is only
a reconstruction of the actual information that compas used.

In this section and the next, we consider what the effects are of
modifications to the dimension hierarchy on case-base consistency.
Specifically, in this section, we consider the modification of adding
or removing dimensions. We will show that the omission of relevant
dimensions decreases consistency, while the addition of (possibly
irrelevant) dimensions increases consistency.

5.1 Subhierarchies

To start, we need a definition that captures the addition or removal
of dimensions, for which we introduce the notion of subhierarchy.

Definition 5.1. Given a hierarchy (D, H), a subhierarchy (E, 1)
of (D, H), denoted (E,1) € (D, H), is a hierarchy satisfying E C D
and | C H. A subhierarchy (E,I) C (D,H) preserves base-level
dimensions if any |-minimal element in E is H-minimal in D.

Example 5.2. The hierarchy in (1) has many subhierarchies, one
of which is its top layer, depicted as (15) on the left below:

SLevel GRecid
/ | \ (15) / ‘ \ (16)
GRecid  VRecid FTA Age Priors Male

Note that the subhierarchy (15) does not preserve base-level
factors, because GRecid is base-level in (15) but abstract in the full
hierarchy (1). In contrast, its subhierarchy depicted as (16) on the
right above does preserve base-level factors.

Given a subhierarchy (E, 1) C (D, H), any case base C € X(D)
can be made into a case base C C X (E), simply by restricting the
fact situations in C to the dimensions in E. This can be understood
as an instance of the well-known concept of function restriction.
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Definition 5.3. Given a function f : X — Y and a subset Z C X
the restriction of f to Z, denoted fZ, is the function f1Z : Z - Y
defined by (f1Z)(z) = f(z) forallz € Z.

Given a subhierarchy (E, 1) C (D, H), any fact situation X of D
can be made a fact situation X = X [E of E. As such, a case base
C < X(D) can be made a case base C = {X | X € C} € X(E).

Example 5.4. The restrictions of the case base listed in Table 1 to
the subhierarchies of Example 5.2 are given by removing columns
from the table. For example, X [{Age, Priors, Male, GRecid} assigns
Age to 25, Priors to 3, Male to 0, and GRecid to 7.

Remark 5.5. Note that the restriction operation is not injective:
Given fact situations X, Y € D and a subhierarchy (E,I) € (D, H),
we may have that X = Y even when X # Y. This means that if we
do not allow multiple occurrances of a case in a case base it might
happen that |C| < |C], but since we do allow multiple occurances
(cf. Remark 3.10) we always have |C| = |C| for any case base C and
any subhierarchy (E, I) of (D, H).

We now have the required terminology to state the second main
result of our work: Restricting a case base to a subhierarchy de-
creases its consistency.

THEOREM 5.6. If (E,1) C (D, H) preserves base-level dimensions,
then Cons, (C) < Cons,(C) for any case base C € X (D) ande € E.

Theorem 5.6 tells us that when dimensions are missing from the
hierarchy, meaning that we are working with a restricted case base,
then the consistency of that case base will be lower than it should
be. In this regard, it formalizes the intuition that missing features
from the compas dataset can explain the low consistency scores
we observed in Section 4.3. Conversely, this theorem tells us that
the more dimensions that we do take into account, the higher the
consistency will tend to be. Intuitively, the reason for this is that
the more dimensions there are, the harder it is to satisfy Disjunct (3)
of Definition 3.9. This means that there is less constraint, and as
such there is less inconsistency, i.e., the consistency increases.

This is a significant effect to take into consideration when dis-
cussing the consistency of the compas scores, as this means that
when we include features as dimensions, this can seemingly in-
crease the consistency percentages of the scores—even when the
feature in question was not an input to the program. Consider, as
a concrete example, the “race” feature in the compas dataset. This
feature is not an input to the risk scores [8], but since it is part of
the dataset, we could consider it as a dimension in our computation
of the consistency of the risk scores. Theorem 5.6 shows that its
inclusion would necessarily lead to an increase in the consistency
of the risk scores, which might be mistaken for an indication that
compAs does make use of this feature.

As discussed in Section 2, the compas risk score dataset published
by [30] contains data on a number of features related to inputs of
the compas risk scores. In total it contains 26 features. Each of the
risk scores use only a subset of these, and we have computed the
consistency scores only with respect to that subset [30, Table 1].
However, we can also use more of the features for this calculations,
and Theorem 5.6 tells us that this increases the consistency of the
scores. To demonstrate this, we successively added features as in-
puts to the model, and recomputed the resulting consistency scores.
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The results are shown in Figure 1. In accordance with Theorem 5.6,
we see that the scores are monotonically increasing in the number
of input dimensions.

6 Effects of Binning on Consistency

In the previous section we considered the effect of expanding or
limiting a dimension hierarchy. In this section we consider a second
type of modification to the hierarchy, namely that of data binning.

Data binning is a preprocessing technique used in machine learn-
ing and data science to convert continuous numeric variables into
categorical ones by subdividing a range of values into smaller, con-
secutive, non-overlapping intervals called bins [22, Chapter 4]. A
common application of data binning is the histogram, which vi-
sualizes the distribution of a dataset by replacing individual data
points with their corresponding bins, thus smoothing the data and
making general trends easier to see.

In this section, we prove two theorems regarding the effect of
binning on case-base consistency. Theorem 6.7 shows that binning
output dimensions generally increases consistency, while Theo-
rem 6.9 shows that binning input dimensions generally decreases
consistency.

6.1 Dimension binning

To begin, we need a formal definition of data binning within our
framework, for which we propose the following.

Definition 6.1. Let d be a dimension; a binning (bin, e) of d is a
dimension e together with a surjective order-preserving function
bin : d — e. The elements of e may be referred to as bins.

For the sake of convenience we will refer to just the function
bin : d — e as the “binning” of d. The requirement that bin is order-
preserving, which means that v < w implies bin(v) < bin(w) for
any v, w € d, ensures that the order of the bins reflects the order
of the original dimension d. The surjectivity requirement, which
states that any bin v € e has a nonempty pre-image, ensures that
all bins correspond to some region of the original dimension.

Example 6.2. An example of dimension binning in the context
of compas is given by the various presentations of the risk scores
which we discussed in Section 2. Let GRecid;s denote the dimen-
sion corresponding to the raw version of the recidivism risk score,
GRecidy, the decile version, and GRecid; the textual version (i.e.,
with the possible values low, medium, and high). The conversion
of the raw scores to decile scores corresponds to a binning bings :
GRecid;s — GRecidg,. The way this mapping works depends on
the specific norm group that is used for the conversion (refer to
Section 2 for a description of how compAs uses norm groups). As-
suming the conversion specified in [11, Table 2.3] we can compute
the pre-images of the bins; for example, bing! (4) = (—0.7, —0.4],
and bing! (5) = (~0.4, —0.2], et cetera. In turn, we have a binning
converting deciles scores to text bingt : GRecidgs — GRecidixi:

bingd (low) = [1,4], bingi (med) = [5,7], bingi (high) = [8,10].

Example 6.3. In general, for any dimension d there is a trivial
identity binning idy : d — d defined by id4(v) = v for allv € d.
This corresponds to putting every value of d in its own unique bin.
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Figure 1: The consistency scores of various versions of the expanded compas dataset published by [30], as a function of the
number of input dimensions and the method of output binning. The "Low/Not Low" score type is a binary label indicating
whether the textual representation is "Low" or not, and corresponds to the target label used for the analysis of [2]. The lines are
non-decreasing in the number of input dimensions as per Theorem 5.6. Similarly, they are non decreasing with respect to the
order “Raw < Decile < Text < Low/Not low” on the score types as per Theorem 6.7.

We want to investigate the effect that binning one or more di-
mensions has on case-base consistency. To this end, we will use
the following definition. In this context, we regard a dimension d
about which a decision is made as an output dimension, and the
dimensions that influence said decision, i.e. those in H(d), as input
dimensions.

Definition 6.4. Given a set of dimensions D, a D-binning is an
assignment of a binning bing : d — d to every dimension d € D.
Furthermore, given e € D, a D-binning is an input binning of e if
bin, = ide, and an output binning of e if bing = id; whenever d # e.

Given a hierarchy (D, H) with a D-binning, the binned version
of a dimension d € D is denoted by d. Likewise, we will write
D = {d | d € D} for the set of all binned dimensions. This set can
be given the same hierarchical structure as the original hierarchy
by defining H = {(e,d) | (e,d) € H}. There is a canonical way
of transforming a fact situation X € X (D) into a fact situation
X € X(D) for the binned version of the hierarchy, by defining
X(d) = bing(X(d)). This operation extends in the obvious way to
a case base C C X(D): We define C = {X | X € C} € X(D).

Example 6.5. A logistic regression model, such as the one we
considered in Example 4.1, is not a classifier in the machine learning
sense because it outputs probabilities rather than binary labels. Still,
it often used as such, simply by tresholding its output to 0 and 1. This
operation corresponds to a binning bin : GRecid;s — GRecidg/1
defined by bin(x) = 0 if x < 0.5 and bin(x) = 1 if x > 0.5. This
is an example of an output GRecids-binning. Given the hierarchy
(D, H) on the left below in (17), its corresponding (D, H) is drawn
on the right below as (18).

GRecidyg GRecidy/;
/ \ 7 / ‘ \ =
Age Priors Male Age Priors Male

Example 6.6. An example of an input binning is given by the
various presentations of the compas risk scores, in their connection
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to the recommended supervision level score. Together the bin-
nings GRecid;s — GRecidys, VRecid,s — VRecidys and FTA;; —
FTAy, give an input SLevel-binning, with associated hierarchies:

SLevel SLevel
N, @ N, @
GRecid;s VRecid;s FTA;s GRecidg;, VRecidg, FTAgq

6.2 Output Binning Increases Consistency

We now have the required terminology to state the third main result
of this work: Output binnings increase case-base consistency.

THEOREM 6.7. Given a hierarchy (D,H), a case base C C X(D),
and an output D-binning of d € D, we have Consg(C) < Consy(C).

Theorem 6.7 formalizes the intuition that the more fine-grained a
dimension is, the easier it is for an inconsistency to arise. Again, this
is important to realize when applying the notion of case-base con-
sistency in an Al context. For example, this theorem states that the
consistency of the compas risk scores increases when we consider
one of the binned versions of the scores, as discussed in Example 6.2.
To demonstrate this effect, we have computed the compas consis-
tency risk scores for these various methods of binning, together
with a final binary "Low/Not low" binning, which is 0 if the textual
representation is “low” and 1 otherwise. This binning was used by
ProPublica in [2]. The results can be found in Figure 1, and indeed
we see that the consistency scores monotonically increase as we
consider increasingly coarse representations of the scores. Notably,
by considering more dimensions and a coarser output binning, the
consistency of the violent recidivism risk scale increased from 0%
to over 40%, purely as an artefact of Theorems 5.6 and 6.7.

Example 6.8. As a final example we can reconsider Example 6.5,
in which a logistic regression model is made a classifier through
use of a binary output binning. We can now combine Theorems 4.6
and 6.7 to see that a case base of outputs of such a classifier is also
necessarily fully consistent.
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6.3 Input Binning Decreases Consistency

As the fourth and final formal result of this work, we show that, with
respect to input binning, the effect opposite to that of Theorem 6.9
occurs: Input binnings decrease case-base consistency.

THEOREM 6.9. Given a hierarchy (D, H), a case base C € X(D),
and an input D-binning of d € D, we have Cons;(C) < Consy(C).

Intuitively, the reason for this result is that as we bin input
dimensions, it becomes easier to satisfy disjunct (3) of Definition 3.7
of constraint. As such, more constraint is induced, and so there are
more opportunities for inconsistencies to arise.

In [34] the consistency scores were computed of the compas
recommended level of supervision scores, with respect to both of
the hierarchies depicted in (19) and (20). The former, which uses
the raw scores, yielded a consistency percentage of 84%; while
the latter, which uses the decile scores, yielded a score of 100%. As
noted in [34] this should not be possible, and indeed this observation
directly contradicts Theorem 6.9.

We note that a manual of the version of compas used in the state
of New York explicitly states how the recommended supervision
levels are computed [21, Appendix C]. This description exactly
matches the scores found in the Broward County data, which ex-
plains why the consistency is higher when the decile versions of
the scores were used. This also shows that the FTA score is most
likely not an input to the recommended supervision level.

6.4 Reconstructing the COMPAS Norm Groups

It was hypothesized by van Woerkom et al. [34] that the reason for
the discrepancy in the recommended supervision level scores was
due to the use of multiple norm groups for the conversion of the
raw scores to the decile scores, and Equivant has confirmed this to
us upon enquiry [12]. In fact, this possibility was already observed
by Dieterich et al. [8, Appendix B], and more recently by Engel
et al. [10, Appendix]. Also see [11, Section 2.9] and [4, Norming or
Standardization Samples] for further information.

Decile scores derived from different norm groups are not di-
rectly comparable, as they are based on different scales—similar
to comparing temperatures in Fahrenheit and Celsius. Still, many
studies, including the original ProPublica publication [2], make
such comparisons. A more accurate approach involves using the
raw scores, as done in [30]. The study in [10] addresses this issue by
renormalizing decile scores based on all raw scores in the dataset.
However, this approach lowers the average decile risk score and
bases the analysis on hypothetical rather than actual compas out-
puts. To compare decile risk scores accurately, they should be split
according to the norm groups used. We show that it is possible to
reconstruct these norm groups from the Broward County data.

We estimate the number of norm groups by constructing a graph
of compas risk assessments, drawing edges between nodes with
mutually inconsistent raw-to-decile score conversions. Applying
a graph coloring algorithm [14], we identified three norm groups;
see Table 3 for their cut-points. The GRecid and FTA graphs have
fully connected subgraphs of size 3, indicating at least three norm
groups were used by compas. The VRecid scores were converted
using a single norm group, but the cut-points listed in [34, Table 7]
are incorrect—see Table 3 for the correct list.
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We note that, because there is some overlap in the cut-points
of the groups, defendants can be “shuffled around.” For example,
the size of the second largest group of the GRecid score could be
increased to at least 6,698. Therefore, those wishing to analyze the
recidivism scores and the outcome labels could analyze this group
in isolation, without having to re-norm the deciles.

Some of the reconstructed groups consist of over 99.5% males.
Since the graph labeling algorithm we used was not in any way
instructed to group defendants by sex (in fact, it did not even have
access to this information), we consider it likely that gendered norm
groups were used for the raw-to-decile conversion in the dataset.
We have marked these groups in Table 3. Moreover, one of these
groups (corresponding to the second row of Table 3) closely aligns
with the cut-points given in [11, Table 2.3] for the Grrs. Due to this,
we consider it likely that our reconstructed cut-points are good
approximations of the true cut-points that were used by compas.

7 Conclusion

In this work, we analyzed the consistency of the compas risk scores
using a formal model of a fortiori case-based reasoning. We showed
that for a large class of linear models, called generalized linear
models (GLMs), a case base of model decisions is necessarily fully
consistent. This suggests that if compas were based on such mod-
els, its risk scores should exhibit high consistency. However, our
analysis of the compas dataset revealed very low consistency per-
centages, indicating that the scores may depend on features not
present in the dataset or that the model used by compas is more
complex than a GLm.

We also investigated the effects of modifying the dimension
hierarchy on case-base consistency. We showed that omitting rele-
vant dimensions decreases consistency, while adding dimensions
increases it. Additionally, we demonstrated that binning output di-
mensions increases consistency, whereas binning input dimensions
decreases it. This demonstrates the importance of considering the
full set of relevant features and the appropriate level of granularity
when analyzing the consistency of A1 decisions.

A clear direction for future work would be to investigate other
datasets of data-driven decisions to see whether this model of a
fortiori case-based reasoning can provide useful insights in those
settings. An example in the criminal justice domain could be the
assignment of bail amounts. We hope that the theorems presented
in this work provide useful knowledge that can guide such analyses.

Lastly, Rudin et al. [30] noted that many defendants with numer-
ous prior offenses received low risk scores in the compas dataset.
Van Woerkom et al. [33] showed that such outlier cases, termed
landmarks, can significantly decrease the consistency of a dataset.
We suspect that these cases might overlap with those identified by
Rudin et al. [30, Table 6], potentially explaining the low consistency
percentages observed for the compas scores. This would suggest
that inconsistency measures could be useful for detecting outliers
in similar datasets, but this remains to be confirmed experimentally.
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